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Abstract. With each Fell bundle over a discrete group G we associate a 
partial action of G on the spectrum of the unit fiber. We discuss the ideal 
structure of the corresponding full and reduced cross-sectional C'*-algebras in 
terms of the dynamics of this partial action. 


Introduction 

The discussion of the ideal structure of crossed products by a discrete group 
by means of the dynamical properties of the action goes a long way back (see, for 
instance, [9], ED, m)- 

Archbold and Spielberg discussed in [8] the relation between the ideal structure 
of the full crossed product and that of the base algebra, under the assumption 
of topological freeness. More recently, the definition of topological freeness and 
several related results were extended to different settings: by Exel, Laca and Quigg 
for partial actions on commutative C'*-algebras in |12j . by Lebedev in and later 
by Giordano and Sierakowski in [14], for partial actions on arbitrary C*-algebras, 
and by Kwasniewski in m) for crossed products by Hilbert C'*-bimodules. 

We show in this article that a Fell bundle B over a discrete group G gives rise 
to a partial action of G on the spectrum of the unit fiber. This partial action 
agrees with those discussed in the works mentioned above, and we generalize to 
this context some of the results in them. 

This work is organized as follows. After establishing some background and no¬ 
tation in Section 1, we introduce in Section 2 a partial action a on the spectrum of 
the unit fiber of a Fell bundle B over a discrete group. When B is the Fell bundle 
corresponding to a partial action 7, then a agrees with 7, as defined in jSJ Section 7] 
or [T7], and when B is the Fell bundle associated in [2] with the crossed-product 
by a Hilbert C*-bimodule, then a is the homeomorphism h discussed in [16j . Fol¬ 
lowing familiar lines, we establish in Section 3 a bijective correspondence between 
the family of d-invariant open sets in the spectrum of the unit fiber and the set of 
ideals in B (Proposition [T8| and Proposition 13.101) This enables us to show that, 
when a is topologically free, its minimality is equivalent to the simplicity of C* (B) 
(Corollary [3T2|). We then go on to generalize to our setting, in Theorem l3.191 some 
of the results of Giordano and Sierakowski in m concerning the connection among 
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the exactness property, the residual intersection property, the structure ideal of B. 
and that of C*{B). 

Finally, Section 4 contains some applications to the theory of Fell bundles with 
commutative unit fiber. 


1. Preliminaries 

In this section we establish some notation and recall some basic definitions and 
facts about the spectrum of a C*-algebra and the Rieffel correspondence. We refer 
the reader to m for further details. 

If A is a C*-algebra, we denote by I{A) the lattice of ideals in A and by Prim A 
the primitive space of A. That is. Prim A is the set of primitive ideals with the hull- 
kernel topology. The spectrum of A, which we denote by A, consists of the unitary 
equivalence classes of irreducible representations of A with the initial topology for 
the map 

k : A — > Prim (>1), given by /^([Tr]) = kerTr for all [tt] € A. (1-1) 

That is, a subset S' of A is open if and only if S = k~^{0), where O is open in 
Prim A. We will usually drop the brackets and denote [tt] G A by tt. 

Suppose now that A and B are C^-algebras and that X is an A —B imprimitivity 
bimodule. We denote by { , and { , )r the left and right inner products on X, 
respectively. 

An irreducible representation tt : B ^ B{'Ht^) induces an irreducible represen¬ 
tation IndxTi of A as follows. Let X T~L-k be the Hilbert space obtained as the 
completion of the algebraic tensor product X Qb B-n with respect to the norm 
induced by the inner product determined by 

{x®h,y®k) := (7r((i/, k), (1.2) 

for x,y G X and h,k G 'Htt- 

Then IndxTi : A — B{X 0b T~LA is defined by 

hi(ixT^(a)(x 0 h) = ax 0 h, (1-3) 

for a G A, X G A, and h G 

Since IndxTr is irreducible as well, the imprimitivity bimodule X yields a map 

Indx :B —^ A (1.4) 

that turns out to be a homeomorphism. 

The imprimitivity bimodule X also yields the Rieffel correspondence 

hx :I{B) ^I{A), 

which is a lattice isomorphism determined by the equation 

hxiI)X = XI, for all I G I{B), (1.5) 

where 

XI = spanjxi : x G X,i G 1} and hx{I)X = spanjjx : x G X,j G hx{I)}- 
These constructions are connected by the relation ([191 3.24]) 

kerlndxTT = hx (kerTr). 


( 1 . 6 ) 
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If J is an ideal in A, we denote by Pj the canonical projection on A/J. Let Xj 
be the set 

Xj = {TGi:7r|j^0}. (1.7) 

Then the map J M- Xj is a bijection from I{A) onto the topology on A. 

Besides, the maps 

rj : Xj — J- J and qj : A\Xj —)• A/J, 
determined, respectively, by 

rj(7r) = Tr\j and gj(7r) o Pj = n (1.8) 


are homeomorphisms. 

li X is an yl — i? imprimitivity bimodule and J is an ideal in B, then XJ = 
hx{J)X, and X/XJ is an A/hx{J) — B/J imprimitivity bimodule. Furthermore, 
the diagram 


B/J- 


Ind 


X/XJ 


A/hxiJ) 

qhx(j) 




( 1 . 9 ) 


commutes. 


2. The partial action associated with a Fell bundle 

Notation. Throughout this work B = {Bt)t^G will denote a Fell bundle over a 
discrete group G. We will make use of the usual notation: 

X*= {x* :x & X} C Bt-i, X1X2 ■■■Xn = spin{a:iX2 ■ ■ ■ Xn '■ x/ G X/} C Btit2--tn, 

for X C Bt and X/ C Bt^ , where t,ti G G and i = 1, • • • , n. 

In this setting, Bt is a Hilbert C'*-bimodule over Be, for left and right multipli¬ 
cation and inner products given by 

{h,b2A^hb*2, {b^,b2)jt = Kb2. ( 2 . 1 ) 

We denote by G*{B) the cross-sectional C'*-algebra of B, and by Gc{B) the dense 
*-subalgebra of compactly supported cross sections. 

The map E : Ge{B) — > Be consisting of evaluation at e extends to a conditional 
expectation E : G*{B) —> Be- 

We next recall some definitions and results related to the reduced cross-sectional 
C'*-algebra of a Fell bundle. Further details and proofs can be found in HU]. 

Let £^(S) denote the right Hilbert C'*-module over Be consisting of those sections 
^ such that X^ieG ^*(^)^(^) converges in Be- 

Thus, l'^{B) is the direct sum of the right Hg-Hilbert C'*-modules {Bt : t G G}. 
Let jt : Bt —> £‘^{B) be the inclusion map. That is, 

jt{b) — bdt, for t G G and b G Bt, (2.2) 

where bSt{s) = Sgjb, Sgj being the Kronecker delta. Then jt is adjointable, and its 
adjoint is evaluation at t. 

Each bt G Bt defines an adjointable operator Af,j G £{£^{B)), given by 
K{0{s)=btat-^s), V^g£\B), sGG. 
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The reduced (7*-algebra C*{B) of the Fell bundle B is the C'*-subalgebra of 
£{i^{B)) generated by {Ab : b G B}. The correspondence bt !->■ Ab^ extends to a 
^-homomorphism 

A:C*{B) ^C;{B) 

verifying ([Tni 3.6]) 

kerA = {ceC'*(S) :F;(c*c) = 0}. (2.3) 

We will often view as a C'*-subalgebra of C* {B) by identifying a G Bg with 
AaGC;{B). 

We denote by Dt the ideal in Bg defined by = BtB^. Since the structure 
described above makes Bf into a. Dt — Dt-i imprimitivity bimodule, Bt yields, as 
in equation (HI), a homeomorphism 

Indst : A-i —^ Dt. 

We will denote by ATj, r^, and qt, respectively, the set and the maps and 
qof defined in 113 and (HI). Notice that Xg = Bg. Finally, we denote by at the 
homeomorphism that makes the diagram 

’’t-i rt 


commute. That is, 

at : Xt-i — Xt is given by at = o Inds* o rt-i , (2.4) 

for all t G G. 

Remark 2.1. If tt G Xt-i is a representation of Dg on then dt(7r) is the 
representation of Dg on Bt 'Htt given by 

(di(7r)a) (6 (8> h) = a5 (g) h, (2-5) 

for all a G Dg, b G Bt, and h G 

Proof. When a G Dt the result follows straightforwardly from the definition, and 
equation (12.Sp clearly defines an extension of IndBfyTrfy _i) to a representation of 
Dg. ‘ □ 

Proposition 2.2. Given a Fell bundle B = {Bt)teG over a diserete group G, let 
at be the homeomorphism defined in equation for t G G. 

Then a := ({WjteGj {dtltgc) is a partial action of G on Bg. 

Proof. Clearly, at is a homeomorphism between open subsets oi X, so it remains 
to show that dgt extends agCXt, for all s,t G G. 

We first show that domdsdt C domdst. Let tt G domdsdt, and assume 
that TT ^ domdsi- That is, = 0. We will show that this implies that 

dt(7r)|£) = 0 , which contradicts the fact that tt G domdsdj. 

In fact, let d G Dg-i. Then, for b G Bt and h G FLtt, we have 

||dt(7r)((i)(6 0 /i)|p = {db ®h,db® h) 

= {Tr{b*d*db)h,h) 

= 0, 
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because b*d*db S B^Dg-iEt = B^B*BsBt C B*fBst = Z?(st)-i. 

We now show that ast = OisOtt on domasdt. Namely, we will show that if 
TT S dom bscit is a representation on then the map 

U : Bg Bt T~Lt^ > Bgt 

defined by 

U{bs i^bt^h) = bgbt (8) h, 

for bg € Bg, bt € Bt, and h G is a unitary operator intertwining Q;sdt(7r) and 

dst(7r). 

In order to check that the definition of U makes sense, first notice that 

Bg Bt Btt — Bg Bg-lBt Btt 

= Bg Dg-1 {BtBlBt) 

= Bg Bt{B*tDg-iBt) n^- 

This implies that the map 

U ■ Bg X Bt X TL-jr ^ Bgt TLtt 

(at) 

defined by tj{bg,bt,h) = bgbt ® bgt is balanced: given bg G Bg, bt € Bt, e € 
Bt Dg-iBt, c G Dt-i, and h G 'Htt, we have that ec G B^ Dg-iBtDt-i = BtDg-iBt C 
D(st)-^- 

Therefore, 

U {bg, btec, h) — bgbtec h = bgbt ® 7r(ec)/i 
= bgbt ® 7r(e)7r(c)/i 
= bgbtC ® Tr{c)h 

= tj{bg,bt,TT{c)h). 

Besides, U is an isometry because if bs,Cg G Bg, bt,ct G Bt, and h, h' G 'Htt, then 

{bg ®bt®h,Cg®Ct® h') = {{at{Tr){c*gbs)){bt 0 h),Ct ® h') 

= {c*gbgbt ®h,ct® h') 

= {■K{ctC*gbgbt)h,h') 

= {bgbt ® h, CgCt ® h') 

= {U{bg 'Sibt® h),U{Cg ®ct® h')). 

Furthermore, U is onto because its image is a non-zero dst (7r)-invariant subspace 
of Bgt (E>'H. Finally, it is apparent that U intertwines Q;sdt{7r) and Q:st(7r). □ 

Definition 2.3. Let B be a Fell bundle over a diserete group G. The partial aetion 
a in Provosition \2.‘A will be called the partial action associated with B. 

Example 2.4. Crossed products by Hilbert C*-bimodules. When B is the 
Fell bundle associated to a Hilbert C*-bimodule X over a C*-algebra H as in [2l 
2 .6], the associated partial action a is the partial homeomorphism h discussed 
in m- When the C'*-algebra A is commutative it also agrees with the partial 
homeomorphism induced by the partial action 0 in [U 1.9]. 
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Example 2.5. Partial crossed products. 

If 7 = is a partial action of a discrete group G on a C*- 

algebra A, then the Fell bundle associated with 7 has fibers Bt = {t} x Dt with 
the obvious structure of Banach space, and product and involution given by: 

{r,dr){s,ds) = (rs,7r(7r-i(dr)ds)), 

{r,dr)* = (r"\7^-i(d;;)). 

The unit fiber of Bj gets identified with A in the obvious way. 

The partial action 7 induces a partial action 7 on A that was defined in [5l §7] 
and [5] and further discussed in HU. The partial action 7 is given by 

7 t( 7 r) = TT o 7 (-i for tt € A, 

and it agrees with the partial action associated with the Fell bundle B^. In fact, it 
is easily checked that, if tt G D^-i is a representation on a Hilbert space then 
the map 

U : Bt Bt, —)■ Bn, determined by U{{t,dt) i^) h) = 7 r( 7 t-i (dt))(h), 

for dt € Dt, t G G, and h G Bn, is a unitary operator intertwining Inds^Tr and 

7ro7t-i. 


Example 2.6. Fell bundles with commutative unit fiber. We now assume 
that the Fell bundle B has commutative unit fiber, that is, B^. = Co{X), for a locally 
compact Hausdorff space X. We identify X with Bf, in the usual way: a; G X is 
viewed as G Be, where is evaluation at x. 

If B = kerTTj;, then x G Xt-i if and only if B^Bt 2 B- That is ( |191 3.3]), 
X G Xt-i if and only if BtB 7^ Bj. 

Therefore, if btix) denotes the image of an element ht of Bt under the quotient 
map on Bt/BtB, then 

Be \ Xt-i = {x € X ■. ht{x) = 0 for all bt G Bt}. 

Besides, if a; G Xt-i, we have, by (IFHI) . 


I&t{x)Bt = Iat(x)DtBt = ker(Indst7r2;)Bt = BikerTr^, = BtB- 


Therefore, 

{abt){x) = 

for a G Be and bt G Bt. 


a{at{x))bt{x) ii x G Xt-i 
0 otherwise. 


( 2 . 6 ) 


3. Topological Freeness and Ideals in the Cross-Sectional 

C*-ALGEBRAS 

In this section we show that some well-known results relating topological freeness 
and the ideal structure of crossed products carry over to our setting. 

Proposition 3.1. LetB = {Bt)teG be a Fell bundle over a discrete group G, and let 
p be a representation ofC*{B) on a Hilbert space K. Suppose that a : Be —> B{B) 
is an irreducible subrepresentation of /ajs,., and let Bt = span p{Bt)B, for each 
t G G. Then 

(i) Bt is p{Be)-invariant for all t G G. 

(ii) Bt = {0} if cr ^ Xt-i, and Bt -LB if a ^ Xt. 
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(iii) If a € Xt C\X^-i and at{cr) a, then Ht -L H- 

Proof. Statement (i) is apparent. As for (ii), consider the orthogonal decomposi¬ 
tions 

X — K® p\Be = cr © 

Notice that any element in Bt can be written as xbty, where x G Dt, bt G Bt, and 
y G Df-i. Besides, if cr ^ A^-i, then cr|£)^_j = 0, and, for any h gB, 

p{xbty){h) = p{xbt){a{y){h) + (J^{y)h) = 0, 

which shows that Bt = { 0 }. 

If cr ^ At, then, for x,bt,y as above, and h, h' G B, 

{p{xbty)h,h') = {p{bty)h, p{x*)h') 

= {p{bty)h, a{x*)h' + cr-^{x*)h') 

= {p{bty)h,a{x*)h') 

= 0 , 

which completes the proof of (ii). In order to prove (iii), we now assume that 
(7 G Af n Afi. Let at denote the subrepresentation of p\b^ on Bt, that is, 

at{c)ht = p{c)ht, 

for all c G Be and ht G Bt- Then the map 

U : Bt B —Bt given by U{bt ®h) = p{bt)h 

is a unitary operator intertwining at and dt(a). In fact, if bt,ct G Bt, and h,k gB, 
then 

{bt ®h,ct®k) = {a{ctbt)h, k) = {p{c*tbt)h, k) = {p{bt)h, p{ct)k). 

Therefore, if cr 7 ^ dt{a), then a and at are irreducible non-equivalent subrepre¬ 
sentations of p|_Be- It now follows from [7l 12.15] that B and Bt are orthogonal. 

□ 

Definition 3.2. Recall from [121 2.2] that a partial action 9 of a discrete group G 
on a locally compact topological space X is topologically free if for any finite subset 
S of G\ {e} the set 

[J{x G domdt : 9t{x) = a;} 
tes 

has empty interior. Equivalently, 9 is topologically free if the set 

Ft = {xG domdt : 9t{x) = a;} 
has empty interior for any t in G\ {e}. 

Theorem 3.3. Suppose that B = {Bt)t^G is a Fell bundle over a discrete group G, 
A is a G*-algebra, and 

is a *-homomorphism, and let J := Vev(j)C\Be. 

If the partial action d associated with B is topologically free on B^ \ Xj, then 

ll<(.(c)l| > ll<(.(A(c))l|, VcGC*(S). ( 3 . 1 ) 
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Proof. Since it suffices to show that dSH) holds when c belongs to the dense 
*-subalgebra Cc{B) of compactly supported cross sections, we assume that 

c= ^ c{t)St, 

tGsupp(c) 

where supp(c) is a finite subset of G. In order to show the statement, we will prove 
that 

||<^(c)||>||<^(i?(c))||-e, (3.2) 

for all e > 0. 

Fix e > 0. Note that 

ll^(^^(c))|| = \\Eic) + J\\bjj = max{||r(F;(c) + J)|| : r € BJJ} 

= max{||(T(£;(c))|| : a G Be\ Xj}. 

Besides, since the map a i-A ||cr(i?(c))|| is lower semicontinuous on Be \ Xj ( [TOl 
A30]), we can choose a set V that is open in Bg \ Xj and such that 

\\a{Eic)\\>mEicm-e, (3.3) 

for all a gV. 

Now, since a is topologically free on Bg \ Xj, the set 

E = U W G Xt-i : at{a) = a} (3.4) 

tGsupp(c) 

t^e 

does not contain V. Thus, we can choose a representation cr G V on a Hilbert space 
H such that a ^ F. 

Let (f : BgjJ f'iBg) be the canonical isomorphism induced by and let 

tfo be a state of (j){Be) associated with the irreducible representation qj{a) o (^)“^, 
where qj is as in (jl.811 . Extend tpo to a pure state on The GNS 

construction for tjj yields a representation tt of (j){C*{B)) on a Hilbert space /C 
containing a closed subspace T-C such that qj{cr) o ((())“^ is the subrepresentation of 
7r^(B,) on n. 

We now define p : C*{B) —S> B[K) by p = irocj). liQ G B{IC, %) is the orthogonal 
projection on %, then 

Qp{b)Q* = QTT{(j){h))Q* = Q(7r(^(6 + J))Q* = qj{a){h + J) = a{b), (3.5) 

for all b G Bg, which shows that cr is an irreducible subrepresentation of p|b^. 

We now set Ht = spanp{Bt){'H). By Proposition 13.II we have, since cr ^ F, that 
Ht EH for all t G supp(c) such that t ^ e. 

Therefore, 

||<^(c)|| > ||7ro<^(c)|| = ||p(c)|| > \\Qp{c)Q*\\ = \\Qp{Eic))Q*\\ 

= \\aiEicm>mEic))\\-e. 

□ 


Corollary 3.4. Suppose that B = {Bt)t^G is a Fell bundle over a discrete group G 
such that the partial action associated with B is topologically free. Then 
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(i) If I is an ideal in C*{B) such that I D Be = {0}, then I C ker A, where 

A-.C*{B) -^Cf{B) 
is the canonical surjective map. 

(ii) If I is an ideal in Cf{B) such that I r\ Be = {0}, then I = {0}. Conse¬ 
quently, a representation of Cf{B) is faithful if and only if its restriction 
to Be is faithful. 

Proof, (i) Since the restriction to Be of the quotient map Pj : C*{B) —>■ C*{B)/I 

is injective, we have, by Theorem 13.31 that 

\\Pi{E{c))\\ < ll^/(c)||, for allceC*(S). 

Consequently, E{I) C I D Be = {0}, and I C ker A (see Equation (I2.3p b 
(ii) Let J = A-i(/). Then J < C*{B) and A{J n Be) C I n Be = {0}. 
Therefore, J Cl Be ker A Cl Be = jOj. It now follows from (i) that J C ker A. 

Hence, I = A(J) = {0}. 

□ 


Definition 3.5. (cf. Let B be a Fell bundle over a discrete group G. A subset 
J F B is an ideal of B if it is a Fell bundle over G with the inherited structure, 
and if UB = J = BJ. An ideal I in Be is said to be S-invariant if BtlB^ C I, for 
all t G G. 


Proposition 3.6. Let B be a Fell bundle over a discrete group G, and let I be an 
ideal in Be. Then the following statements are equivalent: 

(i) I is a B-invariant ideal. 

(ii) BtiB; = / n BtB;, vt e G. 

(iii) BJ = IBt, Vt G G. 

(iv) I = {IBt)teG is an ideal of B. 


Proof. Suppose that I is fi-invariant. Then BtlB^ C I, and, since BtlB^ C 
BtBeBl = BtBl, we have that BflB^ C / n BfBf. 

On the other hand, since B^IBt C I, we have that 

I n BtB; = iBtB; = BtB;iBtB; c bjb;. 

Thus, (i) implies (ii). Now, if (ii) holds, then 

Btl = BtB;BtI = BtlBlBt = (/ O BtB;)Bt = {IBtB;)Bt = IBt, 

which implies (iii). Clearly I is a right ideal, and it is apparent that it is also a left 
ideal if (iii) holds. Finally, suppose that I is an ideal in B. Then 

bjb; cm Be = I. 


□ 


Remark 3.7. // J <1 G*{B) or J <\ G;{B), then J C Be is a B-invariant ideal. 

Proof. In both cases JeBt = Jt = BtJe, where Jt = J C\ Bt, for all t £ G. It is 
clear that Jt A JeBt and Jt A BtJe- On the other hand, since Jt is a Hilbert G* 
sub-bimodule of Bt, we have that Jt = JtJfJt Q JeBt O BtJe. Cl 

Proposition 3.8. Let B be a Fell bundle over a discrete group G. The map 1 1 —>■ 
I = (It)teG, where It = IBt, is an isomorphism from the lattice of B-invariant 
ideals of Be onto that of ideals of B. Its inverse is given by I ^ T C Be. 
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Proof. Assume that I is S-invariant. Then, by proposition 13.61 X = (It) is an ideal 
in B, and the correspondence / i-a X is injective because le = I. Conversely, if X is 
an ideal of B, let It := X n Bt, for all t € G. Since X is a Fell bundle and a right 
ideal of B, we have: 

It = 1^It ^ leBt C X n Bt = It- 

Then It = leBt, and, analogously. It = Btlg- Thus, 1^ is a 6-invariant ideal of B^., 
and X = (leBt). 

Finally, it is clear that both maps preserve inclusion, which implies they are 
lattice isomorphisms. □ 

Definition 3.9. Recall that if a is a partial action of G on a set X, then a set 
S G X is said to be a-invariant if 

at{S n domot) = S' H domaj-i, for all t G G. 

Proposition 3.10. Let B be a Fell bundle over a discrete group G, and let a be the 
partial action on Be associated with B. Then the map J i —Xj is an isomorphism 
from the lattice of B-invariant ideals in Bg to that of open a-invariant sets in Bg. 

Proof. Since it is well known that the correspondence J i —Xj is a lattice isomor¬ 
phism from I{Bg) to the topology of Bg, the proof comes down to showing that an 
ideal J in Bg is 6-invariant if and only if the open set Xj is d-invariant. 

First assume that J is 6-invariant. If tr £ Xj fl A^-i, then (t\jd^_i 0. Be¬ 
sides, BtJ = JBt is a DtJ — JDt-i imprimitivity bimodule, and it follows that 
lndBtj{cr\.jD^.i) ^ 0. 

On the other hand, if cr is a representation on a Hilbert space Bai then the map 
btf _ijh cG btj®D^-i h extends to a unitary operator from BtJ ®d onto 

Bt TLa that intertwines Inds^ )|dj j and Indsj j). This shows 

that dt{(j)\j ^ 0, that is, that Q;t(cr) £ Xj. 

Assume now that Xj is d-invariant. Then 

BtJ = BtDt-iJ = hBt{Dt-iJ)Bt, 

for all t G G. 

Now, since the Rieffel correspondence is a lattice isomorphism, 
hBt{Dt-iJ) = /iB,(P|{ker7r|D^_^ : tt £ X} n Xt-i}) 

= n{^St(ker7r|B^_J : tt £ Xf Ci Xt-i} 

= P|{kerIndB,(7r|B^_J : tt G Xf Ci Xt-i} 

= Dt Cl P|{kerdt(7r) : tt £ Xf D Xt-i} 

= Dtf] P|{ker7r : tt G Xf 0 Xt} 

= DtJ. 

Thus, BtJ = JDtBt = JBt. □ 

Definition 3.11. Recall that a partial action a on a topological space X is said to 
be minimal if X does not have a-invariant open proper subsets. 

Corollary 3.12. Let 6 — (^Bt^tTzG ^ Fell bundle with associated partial action a. 
Consider the following statements: 

(i) Cf{B) is simple. 
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(ii) The Fell bundle B has no non-trivial ideals. 

(iii) Be has no non-trivial B-invariant ideals. 

(iv) The partial action a is minimal. 

Then we have (i) ^ (ii) (iii) (iv) and, if a is topologically free, then 

we also have (iv) => (i), so in this case all the statements are equivalent. 

Proof. Since all open proper subsets of Be can be written as Xj for some non-trivial 
ideal J in Be, Proposition 13.81 and Proposition 13.101 show that ii), iii) and iv) are 
equivalent. 

Assume now that Cf{B) is simple, and \ei J <B. Then Cf.{J) <\Cf.{B) by [SJ 
3.2]. Besides, since J B, we have that 

E{C;{J)) = jr\Be^Be, 

by Proposition 13.81 This implies that Cf.{J) ^ Cf{B). Therefore, Cf.{J) = {0}. 
We now have that 0 C C Cf{J) = {0}, hence J = {0} and therefore i) 
implies ii). 

Suppose now that iv) holds and that a is topologically free. Let J < Cf{B), and 
set Je = J (1 Be. 

By Remark 1X71 Je is .B-invariant. Now, by Proposition 13.101 Xj^ = 0, which 
implies that Je = {0}. It now follows from Corollary 13.41 that J = {0}, which 
implies that C* (B) is simple. □ 


Let A = {At)t^G and B = {Bt)teG be Fell bundles over a discrete group G. A 
map (/) : A —>■ B is said to be a morphism if ■ At ^ Bt is linear for all t G G, 
and 4>{aa') = 0(a)(/)(a'), 4>{a*) = 4>{a)*, for all a,a' G A, which implies that (j) is 
norm decreasing. A morphism </> induces a homomorphism (pc ■ Cc(A) —>■ Cc{B), 
given by pc(f){t) := p{f(t)). The map pc is a || jji-continuous *-homomorphism, 
so it extends to a homomorphism of Banach ^-algebras pi : L^{A) —>■ L^iB), and 
hence to a G*-algebra homomorphism p^, : C*{A) —)• C*{B). Thus, we have a 

functor {A^ B) ^ {C*{A) ^ G*(B)), that turns out to be exact ([31 3.1]). 

If we now consider reduced G*-algebras instead of full G*-algebras, we get an¬ 
other functor. In fact, suppose that E_a ■ C*{A) —>• Ae is the canonical conditional 
expectation and that A^ : C* (A) —>■ G* (A) is the canonical homomorphism. Since 
ker A^ = {x G C*{A) : Eji{x*x) = 0}, and the diagram 


G*(A) 

Ea 
Ac 




•G*(B) 

Eb 
Be 


is commutative, we have that (/)*(kerAA) Q kerA^. It follows that there exists a 
unique homomorphism pr : G* (A) —>■ G* (B) such that 


C*{A) 

g;(A) 


4>* 


•G*(B) 

Ab 

•g;(b) 
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commutes. Thus, we have another functor {A B) {C*{A) ^ C*{B)). If (f) is 
injective or surjective, then so is (O 3.2]). However, if we consider the exact 
sequence of Fell bundles 

0--^0 , 

where X is an ideal in S, then the induced sequence 

0 —^ c; (X) c;{B) c; {b /x) —^ o 

is not exact in general, because C*{I) does not necessarily agree with kerp^- 

We remark that, since ker = {x € C*{A) : E^{x*x) = 0}, we can define a 
map C*{A) Ae such that Aa{x) i->- Ea{x), for all Aa{x) S C*{A). This map 
is itself a faithful conditional expectation f [101 2.12]) with range Ag, which we will 
also denote by Ea- 

Let X{B) and X{C*{B)) denote the lattice of ideals of the Fell bundle B and 
in C*{B), respectively. Since for every X £ X{B) we may identify C*{T) with the 
closure of C'c(X) in C*{B), there is an order-preserving map p : I{B) —5> X(C*(B)) 
given by p(X) := C*(I). 

We now consider the maps ■ X{C*{B)) —> X(i3), given as follows. i^i(J) is 

the ideal of B corresponding to J fl He by Proposition 13.61 (and Remark [3X|) . That 
is, yi{J) = {Jt)tGG: where Jt = J Ci Bt- Also, define to be the ideal of B 

generated by E^{J). Then both and V 2 are left inverses for /r, which implies 
that /r is injective. However, p is not surjective in general. Clearly, a necessary 
condition for p to be onto is that vi = i/ 2 , that is, that J C\ Bf. = Ejg{J) for all 
J £I{C*{B)). 

Definition 3.13. (cf. [HJJ Let B = {Bt)t^G be a Fell bundle over a discrete group 
G. An ideal J of C*{B) is said to he diagonal invariant if Eis{J) C J, that is, 
Eb{J) = j L\ Bf,. 

In |14j . Giordano and Sierakowski thoroughly discussed the correspondence /i 
above. In what follows, we generalize their methods and results to the context of 
Fell bundles. 

Given an ideal J of Cf{B), let := J^i(J) and := pLVi{J), for p and vi 
as above. Then j’A) C J, for it is the closure of the subset C'c(f7'^^^) of J. 

Similarly, we define := 1 ^ 2 (J) and := pLi' 2 {J). Then is the ideal of 
B generated by Eb{J), and Note that the unit fiber of is the 

invariant ideal of Be generated by the ideal Eb{J) of Be- Since Eq is the identity 
on J n He, it follows that C . Therefore, C X n 

Definition 3.14. (cf. [Ill Definition 3.1]^ Let B — [Bt)teG be a Fell bundle over 
the discrete group G, and let I = {It)t^G be an ideal ofB. Then 

(i) B is said to have the exactness property atX <\B if the sequence 

0 —^ Gf (X) c; (H) g; (b /x) —^ o 

is exact. 

(ii) B is said to have the intersection property atX if the intersection of Be/Ie 
with any nonzero ideal in Gf.{BfI) is also nonzero. 
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If B has the exactness property at every ideal I S I{B), we say that B has the 
exactness property, and if it has the intesection property at every ideal I G 1.[B), 
we say that B has the residual intersection property. 

In view of the previous definition, the second statement of Corollary 13.41 could 
be restated in the following way: B has the intersection property whenever its 
associated partial action is topologically free. More generally, we have: 

Proposition 3.15. Let B = {Bt)t^G be a Fell bundle over a discrete group G. 
Suppose that J = {Jt)teG o-n- ideal of B, and let X := Be\ Xj^. If the partial 
action of B is topologically free on X, then B has the intersection property at the 
ideal J. 

Proof. The unit fiber of the quotient bundle BjJ is Bg/Je, whose spectrum is 
homeomorphic to Be, \ Xj^ = X. On the other hand, it is readily checked that the 
partial action associated to the Fell bundle BjJ agrees with the one induced by 
the partial action of B. Now, by the commutativity of diagram (HJl) and the fact 
that the partial action associated with B is topologically free on X, we conclude 
that the partial action associated to BjJ is topologically free. Finally, we apply 
part (ii) in 13.41 □ 

Corollary 3.16. If the partial action of the Fell bundle B is topologically free on 
every invariant closed subset of Be, then B has the residual intersection property. 

Proposition 3.17. Let B = {Bt)t^G be a Fell bundle over a discrete group G, and 
let J gI{G;{B)). 

(i) If B has the exactness property at , then J C . If, in addition, J 

is diagonal invariant, then = J = . 

(ii) If B has the exactness property and the intersection property at , then 
j(i) = J = J(2). 


Proof. Let 0-s- j7'(2) ——^ - 5 - 0 be the exact sequence as- 

sociated with the ideal of B, and suppose that B has the exactness property 
at . Then the diagram 


0 

0 


-^.7(2) 

n Be - 


■Cf{B)- 

Eq 


Se 


"^GfiBjjE^^)- 

■B,l{jEi)r\B,)- 


0 

0 


is commutative and has exact rows. If x G J'*", then Ejs{x ) G n Bf , which 
implies that j(, 2 )Pr{x) = 0. Since G Gf.{Bj and is faithful, 

then pr{x) = 0. Then x G Gf.{jE^'>), because of the exactness of the first row 
at Gf{B). This shows that J C j(2). Since the inclusion C J always holds, 
and the definition of diagonal invariance requires precisely that which 

implies that = J^'^\ we conclude that = J = 

Suppose now that B has both the exactness and the residual intersection prop¬ 
erties at Let q : B ^ be the quotient map. In order to prove that 

= J = J^‘^\ it suffices to show that = J, for in this case we have that 
E{ J) C and, consequently, that In other words, we have to 
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show that qr{J) = {0}. Since B is exact at we have kerq,. = Let 

qr : C*{B)/J^^'^ C*{B/ be the isomorphism induced by qr- Since B has the 

intersection property at in order to prove that qr[J) = {0}, it suffices to show 
that qr{J) r\ Bf./{J Be) = {0}, or, equivalently, that 

j/j(i)n(Be += {0}, (3.6) 

since 

n {Be + /I))/= q-\qr{J) n Be/{J H Be)). 

Let X € J, and b € Be he such that x + =b + G J/ fl {Be + 

Then x — b G C J, which implies that b G J (1 Be and x G so (13.61) 

holds, and (ii) follows. □ 


Lemma 3.18. If the map fi : T{B) —>■ I{Cf{B)) given by I ^ C'*(I) is a lattice 
isomorphism and B has the exactness property at J G B{B), then fj,j : I{BjfI) — >■ 
X{Cf{BjJ)) given by I ^ CfifLlJ) is also a lattice isomorphism. 

Proof Let Ij := {I e I{B) : J C 1} and := {/ e I{Cf{B)) : pl{J) C /}. 

Then the restriction oi fa to Ij gives rise to an isomorphism between Ij and 
On the other hand, the map rji : I 1/ fl is a.n isomorphism fromlj- onto I{BlfI), 

as is the map P 2 ■ I I/Cf{J) from onto I{Cf{B)/Cf{J)). Moreover, 

since B is exact at J', the quotient map p : B ^ B/ff induces an isomorphism pr : 
Cf{B)ICf{J) —>■ Cf{BlJ), which in turn induces an obvious lattice isomorphism 
r ]3 : X{Cf{B)ICf{J)) —>■ X{Cf{BlX)). Then fij is an isomorphism, because fij = 
Vsmh-lxjrff^- □ 


Theorem 3.19. Let B — {Bt)teG be a Fell bundle over a discrete group G. Let 
/i : X{B) —> X{Cf{B)) be the lattice homomorphism given by fi{X) = Cf{X). Then 
the following statements are equivalent: 

(i) The map fi is an isomorphism of lattices. 

(ii) B has the exactness property and every J G X{Cf{B)) is diagonal invariant. 
(hi) B has the exactness and residual intersection properties. 


Proof. It follows from Proposition [3113 that either statement (ii) or (iii) implies (i). 
Suppose that p. is a lattice isomorphism. Then any ideal of Cf{B) is of the form 
C*(I), and therefore is diagonal invariant. Recall from the comments preceeding 
Definition [2331 that the inverse of p. is given by J JCiBe. To show that (i) implies 
(ii) we have to prove that B has the exactness property at any ideal X = {It)teG of B. 
The quotient map p : B ^ BfX induces a surjective homomorphism p^ : Cf{B) —>■ 
Cf{BlX), whose kernel contains Cf{X). Then le = £lg(C'*(X)) C £’g(ker(pr)) = 
ker(pr) n Be, the last equation following from the diagonal invariance of ker(pj.). 
But ker(pr) F Bg = ker(p|B^) = Ig = Cf{X) n Bg. Then ker(pj.) = Gf{X). 

To conclude that (i) also implies (iii) we have to show that B has the residual 
intersection property. So pick an element ff = {Jt)teG G 21(6), and suppose that 
/ < Cf.{BlX) is such that I D -^ = {0}. By Lemma 13.181 there is a unique X = 
{It)teG < B such that J CX and I = Cf{XfJ). Then 


{0} = /n^ 


IgHBg 

Je 


That is, Jg = Ig. Since, bv l3.81 this implies that X = J', it follows that I = {0}. 


□ 
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Corollary 3.20. Let B = {Bt)teG be a Fell bundle over a discrete group G. Then 
the correspondences J i-A C*{J) and J i—>■ C*[J) are injective lattice homomor- 
phisms from the lattice of ideals in B to the lattices X(C*(B)) and I{Cf{B)) of 
ideals in C* (B) and C* (B) respectively. If B has the exactness property and its 
associated partial action is topologically free on every a-invariant closed subset of 
B^, then I(B) I{Cf{B)) is a lattice isomorphism. 

Proof. Let J = {Jt)tej be an ideal in B. By [3l 3.1], Cc{J) = C*{J) <\ C*{B), 
where Cc{J) is the closure of Cc{J) in C*{B). It follows that BeC\C*{J) = JTiBe, 
which takes care of the injectivity, in view of Proposition The rest of the proof 
follows immediately from 13.151 and IXTCl □ 

Example 3.21. Ideal structure of Quantum Heisenberg Manifolds. The 

family : c € Z, c > 0,/r, i/ S T} of Quantum Heisenberg Manifolds was 

constructed in [50] as a deformation of the Heisenberg manifold Me for a positive 
integer c. The C'*-algebra was shown in [5] to be the crossed product of C'(T^) 
by a Hilbert C'*-bimodule where T denotes the unit circle. Since is full 
in both the left and the right, a turns out to be a homeomorphism, that was shown 
in [1] (see also Example 12.41) to be given by 

a(x, y) = {x + 2/i, y + 2v), for all {x, y) e T^. 

Let denote the abelian free group G^i, = Z + 2/rZ + 2i/Z. Rieffel showed in [501 
6.2] that is simple if and only if rank G^^ = 3. On the other hand, when rank 
Gfiu = 1 the C'*-algebra is Morita equivalent to the commutative C'*-algebra 
G{M(.) ([H 2.8]), and, consequently, has the same ideal structure. We now discuss 
the case in which rank G^i, = 2. First note that the action d is free in that case. In 
fact, an{x,y) = (x, y) if and only if 2nfi and 2ni/ are integers, which implies that 
n = 0 or rank = 1. 

Besides, G(T^) x Xf^,^ has the exactness property by [OJ 3.1], because it is the 
cross-sectional G*-algebra of a Fell bundle B over the amenable group Z. Thus, 
we are under the assumptions of Lemma 13.201 and there is a lattice isomorphism 
between and the lattice of d-invariant open sets of the two-torus. 

4. Fell bundles with commutative unit fiber 

Throughout this section we will assume that the unit fiber of the Fell bundle B 
is commutative. That is. Be = Gq{X), for some locally compact Hausdorff space 
X. We will make use of the identifications and facts we established in Example 1 2.6 1 
Let jt : Bt —^ i'^{B) be the inclusion map described in ()2.2I) . Exel proved in [10] 
that, for any c G Cf{B) and t € Bt, there is a unique element c{t) G Bt, called the 
Fourier coefficient of c corresponding to t, such that 

jtcje{a) = c{t)a, ya€ Be. 

He also showed that c = 0 if and only if c = 0 ([TOl 2.6, 2.7, 2.12]). 

Lemma 4.1. Let a G Be and c G Cf{B). Then ac = ac and ca = ca. 

Conseguently, c commutes with a if and only if ac{t) = c(t)a for all t G G. 

Proof. Note that Kaje{a') = je{aa'), 'ia' G Be. Then 

ca{t)a' = jfcaje{a') = jfcje{aa') = jfcje{a)a' = c{t)aa', 
and it follows that ca = ca. 
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On the other hand, as it is easily checked, j^Aa{^) = for all ^ G P'iJS). 

Therefore, if a' € Be'. 

ac{t)a' = jlacje[a') = aj^cje{a') = ac{t)a', 

which shows that ac(t) = ac{t). The last statement follows from the first one and 
from the fact that ac = ca if and only if oc — ca = 0 . □ 

Lemma 4.2. Let bt & Bt, and 

Ft = {x e Xf-i : at(x) = x}. 

Then bt G S' if and only if bt{x) = 0 for all x ^ Ft. 

Proof. Since abt = bta if and only if {abt — bta){x) = 0 for all x G X, we have that 
bt G S' if and only if bt{x)a{at{x)) = bt{x)a{x) for all x G Xt-i and a G Sg. Thus 
bt G S' if bt{x) = 0 for all x ^ S*. 

Conversely, if bt G S', and x G Xt-i \ Ft, we can pick an element a £ Be such 
that a{x) 0 = a{at{x)). Then bt{x)a{x) = 0, which shows that bt{x) =0. □ 

Zeller-Meier showed that if a is an action of a discrete group G on a commuta¬ 
tive G*-algebra A, then A is a maximal commutative G*-subalgebra of the reduced 
crossed product A G if and only if a is topologically free on A ([HI Proposi¬ 
tion 4.14]). The previous results allow us to generalize that result in the following 
way: 

Proposition 4.3. Let S' be the commutant of Be in Cf{B). Then S' = Be if and 
only if a is topologically free. 

Proof. Let c G Cf{B). By 14.II and 14.21 we have c G S(. if and only if c{t) = 0 outside 
Ft, Vt G G. Then if for all t ^ e the interior of Ft is empty, we have c{t) = 0, so 
c G Be, and therefore B'^ — Be. On the other hand, if there exists t ^ e such that 
Ft has a non empty interior, then there exists a G Dt-i, a 7 ^ 0, such that a{x) = 0 
\/x ^ Ft. Since Bta ^ 0, there exists G Bt such that 0 7 ^ b[a =: bt G Bt. Now 
bt{x) = Q'ix ^ Ft, and therefore 6 * G S' \ Sg. □ 

Corollary 4.4. The partial action a is topologically free if and only if Be is a 
maximal commutative C*-subalgebra of Cf{B) (and, consequently, it is a Cartan 
subalgebra of G* (B)). 

4.1. The case of partial crossed products. We will consider next a partial 
action on a commutative G*-algebra A = Co{X), where X a locally compact Haus- 
dorff space. It is clear from Example [5] that in this case the partial action a 
associated to the Fell bundle agrees with a when X is identified in the usual way 
with A. In what follows we will write a to denote either one. 

Theorem 4.5. Suppose that a is a partial aetion of a discrete group G on a 
commutative C*-algebra. Consider the following statements: 

(i) A is a maximal commutative C*-subalgebra of A Xa,r G. 

(ii) a is a topologically free. 

(iii) Lf L is an ideal in A 'Aa G with A fl / = {0}, then L C kerA, where 

A : A Xq, G —7 A G is the canonical map. 

(iv) Lf L is a non-zero ideal of A Aa,r G, then A fl / 7 ^ {0}. 

(v) If a representation : A Xq.^^ G —7 B{H) is faithful when restricted to A, 
then (j) is faithful. 
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Then we have that {i) 


[ii) 


{iii) => (iv) 


(v). 


Proof. Corollary 14.41 shows that (i) and (ii) are equivalent. Besides, Corollary 13.41 
proves that (ii) implies (iii), and its proof shows that (iii) implies (iv). Since (iv) and 
(v) are obviously equivalent, we are left with the proof of the fact that (iii) implies 
(ii). We will adapt to our setting the proof for global actions in [8l Theorem 2], 
which in turn essentially follows [15]. Suppose (iii) holds. Let X be a locally 
compact Hausdorff topological space such that A = Cq{X). 

Given x € X, let o(x) denote the a-orbit of x: o(x) := {at{x) : t such that x € 
Xf-i}. Let := £'^(o{x)) with its canonical orthonormal basis {cy : y G o(a;)}. 
Consider : G ^ B(H^) defined by 

t;^"(ey) = ifyeXi-i 

] 0 otherwise. 


Thus vf is a partial isometry with initial space £^(o(x) fl X^-i)) and final space 

e{o{x)£^Xt). 

We claim that is a partial representation of G. Let us first note that {vf)* = 
since 


«(ey),e^) 

We next show that 


1 ii y G Xf-i and z G Xt 
0 otherwise 


(ey,<-i(e^)). 


vfvgvf-i(ey) = vfgVg-i{ey), for all r,s G G, y G o{x). 
In fact, we have on the one hand that 


/ \ _ j ^<Xr{y) ii y ^ -^S C X.j —1 

^ 1^0 otherwise. 


On the other hand, 


VrsVs-iiey) = 


0 ii y ^ Xg n cts{Xg-i, —i n ^^-i) = X, —1 n Xg 
^ctriv) otherwise. 


We now define the representation tt^ : A ^ B{H^) by 7r“(a)(ey) = a{y)ey, for 
all a G A and y G o(x). 

We claim that the pair (tt^, v^) is a covariant representation of the system {A, a). 
In fact, if a G Go{Xf-i), y G o{x): 


Tr^{at{a)){ey) = at{a){y)ey 


o(at-i(2/))ey iiyGXt 
0 otherwise. 


On the other hand, uf7r“(a)'u^_i(cy) = 0 if y ^ Xt^ and if y G Xt'. 

Vt'^'"ia)vf-i{ey) = <(a(at-i(2/))ea,_i(y)) = a{at-i{y))ey. 

Let : A X a G ^ B{H^) be the integrated form = 7r“ xi of the covariant 
representation If / = ker p^, then 7 0^ = 0, since ii a G A and 

p^(a) = 0 for all x G X, then 

0 = p'^(a)(ey) = a { y ) ey , Vx G X,y G o{x), 
which shows that a = 0. Since we are assuming that (iii) holds, I C ker A. 
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Let t ^ e and a € A he such that supp(a) C {x £ X (1 Xf-i : at{x) = x}. Then 
we have, for x G X, y € o(x): 

• if y € supp(a) then at{y) = y, and 

p“(a5e - aSt)iey) = a{y)ey - a{atiy))ea^(y) = 0. 

• if 2 / ^ supp(a) then at{y) ^ supp(a), and therefore we have 

p“(a(5e - aSt){ey) = a{y)ey - a{at{y))ea^(^y) = 0. 

From the computations above we conclude that a5e — aSt G I. Therefore 
a6e — a6t G ker A. Then a = E(aSe — aSt) = 0, from which it follows that 
the set {x G AT n Xf-i : at(x) = x} has empty interior. 

□ 
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